Abstract. We propose a conjecture on the relative twist formula of ℓ-adic sheaves, which can be viewed as a generalization of Kato-Saito's conjecture. We verify this conjecture under some transversal assumptions.
Introduction
As an analogy of the theory of D-modules, Beilinson [Bei16] and T. Saito [Sai17a] define the singular support and the characteristic cycle of an ℓ-adic sheaf on a smooth variety respectively. As an application of their theory, we prove a twist formula of epsilon factors in [UYZ] , which is a modification of a conjecture due to Kato and T. Saito[KS08, Conjecture 4.3.11].
1.1. Kato-Saito's conjecture.
1.1.1. Let X be a smooth projective scheme purely of dimension d over a finite field k of characteristic p. Let Λ be a finite field of characteristic ℓ ‰ p or Λ " Q ℓ . Let F P D b c pX, Λq and χpXk, Fq be the Euler-Poincaré characteristic of F. The Grothendieck L-function LpX, F, tq satisfies the following functional equation
(1.1.1.1) LpX, F, tq " εpX, Fq¨t´χ pXk,F q¨L pX, DpFq, t´1q,
where DpFq is the Verdier dual RHompF, Rf ! Λq of F, f : X Ñ Speck is the structure morphism and (1.1.1.2) εpX, Fq " detp´Frob k ; RΓpXk, Fqq´1
is the epsilon factor (the constant term of the functional equation (1.1.1.1)) and Frob k is the geometric Frobenius (the inverse of the Frobenius substitution). where ρ X : CH 0 pXq Ñ π ab 1 pXq is the reciprocity map defined by sending the class rss of a closed point s P X to the geometric Frobenius Frob s and det G : π ab 1 pXq Ñ Λˆis the representation associated to the smooth sheaf det G of rank 1.
When F is the constant sheaf Λ, this is proved by S. Saito [SS84] . If F is a smooth sheaf on an open dense subscheme U of X such that F is tamely ramified along D " XzU , then Theorem 1.1.3 is a consequence of [Sai93, Theorem 1] . In [Vi09a, Vi09b] , Vidal proves a similar result on a proper smooth surface over a finite field of characteristic p ą 2 under certain technical assumptions. Our proof of Theorem 1.1.3 is based on the following theories: one is the theory of singular support [Bei16] and characteristic cycle [Sai17a] , and another is Laumon's product formula [Lau87] .
1.2. ε-factorization.
1.2.1. Now we assume that X is a smooth projective geometrically connected curve of genus g over a finite field k of characteristic p. Let ω be a non-zero rational 1-form on X and F an ℓ-adic sheaf on X. The following formula is conjectured by Deligne For higher dimensional smooth scheme X over k, it is still an open question whether there is an ε-factorization formula (respectively a geometric ε-factorization formula) for εpX, Fq (respectively det RΓpX, Fq).
1.2.2. In [Bei07] , Beilinson develops the theory of topological epsilon factors using K-theory spectrum and he asks whether his construction admits a motivic (ℓ-adic or de Rham) counterpart. For de Rham cohomology, such a construction is given by Patel in [Pat12] . Based on [Pat12] , Abe and Patel prove a similar twist formula in [AP17] for global de Rham epsilon factors in the classical setting of D X -modules on smooth projective varieties over a field of characteristic zero. In the ℓ-adic situation, such a geometric ε-factorization formula is still open even if X is a curve. Since the classical local ε-factors depend on an additive character of the base field, a satisfied geometric ε-factorization theory will lie in an appropriate gerbe rather than be a super graded line (cf. [Bei07, Pat12] ).
1.2.3. More generally, we could also ask similar questions in a relative situation. Now let f : X Ñ S be a proper morphism between smooth schemes over k. Let F be an ℓ-adic sheaf on X such that f is universally locally acyclic relatively to F. Under these assumptions, we know that Rf˚F is locally constant on S. Now we can ask if there is an analogue geometric ε-factorization for the determinant det Rf˚F. This problem is far beyond the authors' reach at this moment. But, similar to (1.1.3.1), we may consider twist formulas for det Rf˚F. One of the purposes of this paper is to formulate such a twist formula and prove it under certain assumptions.
1.2.4. Relative twist formula. Let S be a regular Noetherian scheme over Zr1{ℓs and f : X Ñ S a proper smooth morphism purely of relative dimension n. Let F P D b c pX, Λq such that f is universally locally acyclic relatively to F. Then we conjecture that (see Conjecture 2.1.4) there exists a unique cycle class cc X{S pFq P CH n pXq such that for any locally constant and constructible sheaf G of Λ-modules on X, we have an isomorphism of smooth sheaves of rank 1 on S
where det Gpcc X{S pFqq is a smooth sheaf of rank 1 on S (see 2.1.3 for the definition). We call (1.2.4.1) the relative twist formula. As an evidence, we prove a special case of the above conjecture in Theorem 2.4.4. It is also interesting to consider a similar relative twist formula for de Rham epsilon factors in the sense of [AP17] . We will pursue this question elsewhere.
1.2.5. If S is moreover a smooth connected scheme of dimension r over a perfect field k, we construct a candidate for cc X{S pFq in Definition 2.4.3. We also relate the relative characteristic class cc X{S pFq to the total characteristic class of F. Let K 0 pX, Λq be the Grothendieck group of D b c pX, Λq. In [Sai17a, Definition 6.7.2], T. Saito defines the following morphism
which sends F P D b c pX, Λq to the total characteristic class cc X,‚ pFq of F. Under the assumption that f : X Ñ S is SSpF, X{kq-transversal, we show that p´1q r¨c c X{S pFq " cc X,r pFq in Proposition 2.5.2.
1.2.6. Following Grothendieck [SGA5] , it's natural to ask whether the following diagram
is commutative or not for any proper map f : X Ñ Y between smooth schemes over k. Notation and Conventions.
(1) Let p be a prime number and Λ be a finite field of characteristic ℓ ‰ p or Λ " Q ℓ .
(2) We say that a complex F ofétale sheaves of Λ-modules on a scheme X over Zr1{ℓs is constructible (respectively smooth) if the cohomology sheaf H q pFq is constructible for every q and if H q pFq " 0 except finitely many q (respectively moreover H q pFq is locally constant for all q). (5) For any smooth morphism X Ñ S, we denote by TXpX{Sq Ď T˚pX{Sq the zero section of the relative cotangent bundle T˚pX{Sq of X over S. If S is the spectrum of a field, we simply denote T˚pX{Sq by T˚X.
Relative twist formula
2.1. Reciprocity map.
2.1.1. For a smooth proper variety X purely of dimension n over a finite field k of characteristic p, the reciprocity map ρ X : CH n pXq Ñ π ab 1 pXq is given by sending the class rss of closed point s P X to the geometric Frobenius Frob s at s. The map ρ X is injective with dense image [KS83] .
2.1.2. Let S be a regular Noetherian scheme over Zr1{ℓs and X a smooth proper scheme purely of relative dimension n over S. By [Sai94, Proposition 1], there exists a unique way to attach a pairing
satisfying the following two conditions:
(1) When S " Speck is a point, for a closed point x P X, the pairing with the class rxs coincides with the inseparable degree times the Galois transfer tran kpxq{k (cf. 
where pz, ‚q is the map determined by the paring (2.1.2.1) and det G is the representation associated to the locally constant sheaf det G of rank 1. The composition det G˝pz, ‚q : π ab 1 pSq Ñ Λˆdetermines a locally constant and constructible sheaf of rank 1 on S, which we simply denote by det Gpzq. Now we propose the following conjecture. As an evidence, we prove a special case of the above conjecture in Theorem 2.4.4. In order to construct a cycle class cc X{S pFq satisfying (2.1.4.1), we use the theory of singular support and characteristic cycle.
Transversal condition and singular support.
2.2.1. Let f : X Ñ S be a smooth morphism of Noetherian schemes over Zr1{ℓs. We denote by T˚pX{Sq the vector bundle SpecpSym O X pΩ 1 X{S q _ q on X and call it the relative cotangent bundle on X with respect to S. We denote by TXpX{Sq " X the zero-section of T˚pX{Sq.
.2] and [HY17, §2]). Let f : X Ñ S be a smooth morphism of Noetherian schemes over Zr1{ℓs and C a closed conical subset of T˚pX{Sq. Let Y be a Noetherian scheme smooth over S and h : Y Ñ X an S-morphism.
(1) We say that h : Y Ñ X is C-transversal relatively to S at a geometric pointȳ Ñ Y if for every non-zero vector µ P C hpȳq " CˆXȳ, the image dhȳpµq P Tẙ pY {Sq :" T˚pY {SqˆYȳ is not zero, where dhȳ : Th pȳq pX{Sq Ñ Tẙ pY {Sq is the canonical map. We say that h : Y Ñ X is C-transversal relatively to S if it is C-transversal relatively to S at every geometric point of Y . If h : Y Ñ X is C-transversal relatively to S, we put h˝C " dhpCˆX Y q where dh : T˚pX{SqˆX Y Ñ T˚pY {Sq is the canonical map induced by h. By the same argument of [Bei16, Lemma 1.1], h˝C is a conical closed subset of T˚pY {Sq.
(2) Let Z be a Noetherian scheme smooth over S and g : X Ñ Z an S-morphism. We say that g : X Ñ Z is C-transversal relatively to S at a geometric pointx Ñ X if for every non-zero vector ν P Tg pxq pZ{Sq, we have dgxpνq R Cx, where dgx : Tg pxq pZ{Sq Ñ Tx pX{Sq is the canonical map. We say that g : X Ñ Z is C-transversal relatively to S if it is C-transversal relatively to S at all geometric points of X. If the base BpCq -C X TX pX{Sq of C is proper over Z, we put g˝C :" pr 1 pdg´1pCqq, where pr 1 : T˚pZ{SqˆZ X Ñ T˚pZ{Sq denotes the first projection and dg : T˚pZ{SqˆZ X Ñ T˚pX{Sq is the canonical map. It is a closed conical subset of T˚pZ{Sq.
(3) A test pair of X relative to S is a pair of S-morphisms pg, hq : Y Ð U Ñ X such that U and Y are Noetherian schemes smooth over S. We say that pg, hq is C-transversal relatively to
.3] and [HY17, §4]). Let f : X Ñ S be a smooth morphism of Noetherian schemes over Zr1{ℓs. Let F be an object in D b c pX, Λq. (1) We say that a test pair pg, hq : Y Ð U Ñ X relative to S is F-acyclic if g : U Ñ Y is universally locally acyclic relatively to h˚F.
(2) For a closed conical subset C of T˚pX{Sq, we say that F is micro-supported on C relatively to S if every C-transversal test pair of X relative to S is F-acyclic.
(3) Let CpF, X{Sq be the set of all closed conical subsets C 1 Ď T˚pX{Sq such that F is microsupported on C 1 relatively to S. Note that CpF, X{Sq is non-empty if f : X Ñ S is universally locally acyclic relatively to F. If CpF, X{Sq has a smallest element, we denote it by SSpF, X{Sq and call it the singular support of F relative to S. 2.3.1. Let k be a perfect field of characteristic p. Let X be a smooth scheme purely of dimension n over k, let C be a closed conical subset of T˚X and f : For anyétale morphism g :
where RΦvpg˚F, f q denotes the stalk atv of the vanishing cycle complex of g˚F relative to f , dimtot RΦvpg˚F, f q is the total dimension of RΦvpg˚F, f q and g˚CCpF, X{kq is the pull-back of CCpF, X{kq to T˚V .
We call CCpF, X{kq the characteristic cycle of F. It satisfies the following index formula. We give a generalization in Theorem 2.3.5. For a smooth scheme π : X Ñ Speck, and two objects
Lemma 2.3.4. Let X be a smooth variety purely of dimension n over a perfect field k of characteristic p. Let F 1 and F 2 be two objects in
If we are in this case, then the canonical map
Proof. The first assertion follows from the short exact sequence of vector bundles on X associated to δ : ∆ " X ãÑ XˆX:
For the second claim, we have the following canonical isomorphisms
where
(1) follows from the purity for the closed immersion δ [ILO14, XVI, Théorème 3. 
Proof. By the isomorphisms (2.3.4.1), the left hand side of (2.3.5.1) equals to O O diag g g P P P P P P P P P P P P P We denote by CCpF, X{Sq the characteristic cycle of F on X relative to S. Notice that relative characteristic cycles may not exist in general. where 0 X{S : X Ñ T˚pX{Sq is the zero section. Since f : X Ñ S is SSpF, X{kq-transversal, the refined Gysin pull-back 0 ! X{S pCCpF, X{kqq of CCpF, X{kq is a r-cycle class supported on X. We define the relative characteristic class of F to be cc X{S pFq " p´1q Note that we also have cc X{S pFq " pCCpF, X{Sq, TX Xq T˚pX{Sq P CH n pXq.
Proof. We may assume G ‰ 0. Since G is a smooth sheaf, we have SSpF, X{kq " SSpFbG, X{kq. Example 2.4.5. Let S be a smooth projective connected scheme over a finite field k of characteristic p ą 2. Let f : X Ñ S be a smooth projective morphism of relative dimension n, χ " rankRf˚Q ℓ the Euler-Poincaré number of the fibers and let F be a constructibleétale sheaf of Λ-modules on S. Then by the projection formula, we have Rf˚f˚F -F b Rf˚Q ℓ . Since f is projective and smooth, Rf˚Q ℓ is a smooth sheaf on S. Using Theorem 1. 
The following proposition gives a computation of cc n X F for any n. Proof. We use the notation of [Sai17a, Lemma 6.2]. We put F " pT˚SˆS Xq ' A 1 X and E " T˚X ' A 1 X . We have a canonical injection i : F Ñ E of vector bundles on X induced by df : T˚SˆS X Ñ T˚X. Letī : PpF q Ñ PpEq be the canonical map induced by i : F Ñ E. By [Sai17a, Lemma 6.1.2 and Lemma 6.2.1], we have a commutative diagram:
Since f is smooth and SSpF, X{kq-transversal, the intersection SSpF, X{kq X pT˚SˆS Xq is contained in the zero section of T˚SˆS X. Thus the Gysin pull-back i˚pCCpF, X{kqq is supported on the zero section of T˚SˆS X. Let CCpF, X{kq be any extension of CCpF, X{kq to PpEq (cf. [Sai17a, Definition 6.7.2]). Thenī˚pCCpF, X{kqq is an extension of i˚pCCpF, X{kqq to PpF q. By [Sai17a, Definition 6.7.2], the image of CCpF, X{kq in CH n pXq by the right vertical map of (2.5.2.2) equals to cc n X pFq " cc X,r pFq. The image ofī˚pCCpF, X{kqq in CH n pXq by the left vertical map of (2.5.2.2) equals to p´1q r¨c c X{S pFq (cf. (2.4.3.2) ). Now the equality (2.5.2.1) follows from the commutativity of (2.5.2.2). In next section, we formulate and prove a cohomological version of Conjecture 2.5.4 (cf. Corollary 3.3.4).
Relative cohomological characteristic class
In this section, we assume that S is a smooth connected scheme over a perfect field k of characteristic p and Λ is a finite field of characteristic ℓ. To simplify our notations, we omit to write R or L to denote the derived functors unless otherwise stated explicitly or for RHom.
We briefly recall the content of this section. Let X Ñ S be a smooth morphism purely of relative dimension n and F P D b c pX, Λq. If X Ñ S is SSpF, X{kq-transversal, we construct a relative cohomological characteristic class ccc X{S pFq P H 2n pX, Λpnqq following the method of [AS07, SGA5] . We conjecture that the image of the cycle class cc X{S pFq by the cycle class map cl : CH n pXq Ñ H 2n pX, Λpnqq is ccc X{S pFq (cf. Conjecture 2.1.4). In Corollary 3.3.4, we prove that the formation of ccc X{S F is compatible with proper push-forward.
3.1. Relative cohomological correspondence.
3.1.1. Let π 1 : X 1 Ñ S and π 2 : X 2 Ñ S be smooth morphisms purely of relative dimension n 1 and n 2 respectively. We put X -X 1ˆS X 2 and consider the following cartesian diagram
We first prove (3.1.2.1). Since X i Ñ S is smooth, we obtain an exact sequence of vector bundles on X i for i " 1, 2
Consider the following diagram with exact rows and exact columns: 0 0
Since pr i is smooth, by [Sai17a, Corollary 8.15], we have
It follows from (3.1.2.4) and (3.1.2.5) that pr1SSpF 1 , X 1 {kq X pr2SSpF 2 , X 2 {kq Ď TXX. Thus SSppr1F 1 , X{kq X SSppr2 F 2 , X{kq Ď TXX. This proves (3.1.2.1). Now we consider the cartesian diagram
where δ : S Ñ Sˆk S is the diagonal. We get the following commutative diagram of vector bundles on X with exact rows:
where N S{pSˆkSq is the conormal bundle associated to δ :
Proposition 3.1.3. Under the notation in 3.1.1, we assume that
Then the following canonical map pcf. [Zh15, (7.2.2)] and [SGA5, Exposé III, (2.2.4)]q
If S is the spectrum of a field, then the above result is proved in [SGA5, Exposé III, Proposition 2.3]. Our proof below is different from that of loc.cit. and is based on [Sai17a] .
Proof. In the following, we put
Hence we have
where the isomorphism (a) follows from Lemma 2.3.4 by the fact that (cf. Lemma 3.1.2)
By Lemma 3.1.2, we have 
Combining (3.1.3.3), (3.1.3.4) and (3.1.3.5), we get 
Corollary 3.1.5. Assume that π 1 : X 1 Ñ S is SSpF 1 , X 1 {kq-transversal or π 2 : X 2 Ñ S is SSpF 2 , X 2 {kq-transversal. Then the canonical map (3.1.4.1) is an isomorphism.
If S is the spectrum of a field, then the above result is proved in [SGA5, Exposé III, (3.1.1)]. Our proof below is different from that of loc.cit.
Proof. By Proposition 3.1.3, we have the following isomorphisms Definition 3.1.6. Let X i , F i be as in 3.1.1 for i " 1, 2. A relative correspondence between X 1 and X 2 is a scheme C over S with morphisms c 1 : C Ñ X 1 and c 2 : C Ñ X 2 over S. We put c " pc 1 , c 2 q : C Ñ X 1ˆS X 2 the corresponding morphism. A morphism u : c2 F 2 Ñ c ! 1 F 1 is called a relative cohomological correspondence from F 2 to F 1 on C.
3.1.7. Given a correspondence C as above, we recall that there is a canonical isomorphism [SGA4, XVIII, 3.1.12.2] (3.1.7.1)
RHompc2F 2 , c
3.1.8. For i " 1, 2, consider the following diagram of S-morphisms
where π i and q i are smooth morphisms. We put X - 
where ( If S is the spectrum of a field, the above result is proved in [SGA5, Exposé III, Proposition 1.7.4].
Proof. Consider the following cartesian diagrams
We may assume that X 2 " Y 2 and f 2 " id, i.e., it suffices to show that the canonical map 
We have
This finishes the proof.
3.2. Relative cohomological characteristic class.
3.2.1. We introduce some notation for convenience. For any commutative diagram
Speck of schemes, we put
Under the notation in 3.1.1, by Proposition 3.1.9, we have an isomorphism 
By adjunction, we get a morphism
Thus we get a pairing
3.2.3. Now we define the relative Verdier pairing by applying the map (3.2.2.3) to relative cohomological correspondences. Let π 1 : X 1 Ñ S and π 2 : X 2 Ñ S be smooth morphisms. Consider a cartesian diagram (1) π 1 : X 1 Ñ S is SSpF 1 , X 1 {kq-transversal; (2) π 2 : X 2 Ñ S is SSpF 2 , X 2 {kq-transversal. By Corollary 3.1.5, we have
By (3.1.7.1), (3.2.2.2), (3.2.2.3) and (3.2.3.2), we get the following pairings Definition 3.2.4. Let f : X Ñ S be a smooth morphism purely of relative dimension n and F P D b c pX, Λq. We assume that f is SSpF, X{kq-transversal. Let c " pc 1 , c 2 q : C Ñ XˆS X be a closed immersion and u : c2F Ñ c ! 1 F be a relative cohomological correspondence on C. We define the relative cohomological characteristic class ccc X{S puq of u to be the cohomology class xu, 1y P H 0 CXX pX, K X{S q defined by the pairing (3.2.3.4). In particular, if C " X and c : C Ñ XˆS X is the diagonal and if u : F Ñ F is the identity, we write ccc X{S pFq " x1, 1y in H 2n pX, Λpnqq and call it the relative cohomological characteristic class of F.
If S is the spectrum of a perfect field, then the above definition is [AS07, Definition 2.1.1].
Example 3.2.5. If F is a locally constant and constructible sheaf of Λ-modules on X, then we have ccc X{S F " rankF¨c n pΩ _ X{S q X rXs P CH n pXq.
Conjecture 3.2.6. Let S be a smooth connected scheme over a perfect field k of characteristic p. Let f : X Ñ S be a smooth morphism purely of relatively dimension n and F P D b c pX, Λq. Assume that f is SSpF, X{kq-transversal. If S is the spectrum of a perfect field, then the above conjecture is [Sai17a, Conjecture 6.8.1].
3.3. Proper push-forward of relative cohomological characteristic class. (1) X 1 Ñ S is SSpL 1 , X 1 {kq-transversal; (2) X 2 Ñ S is SSpL 2 , X 2 {kq-transversal. 
